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In this paper, given a positive integerm, we consider the multiplica-
tive order of upper and lower triangular matrices and symmetric
matrices derived from Pascal’s triangle when read modulo m. We
also consider the corresponding problems when the binomial coef-
ficients,
⎛
⎝ i
j
⎞
⎠, are replaced by xi−j
⎛
⎝ i
j
⎞
⎠ and xi+j
⎛
⎝ i
j
⎞
⎠, where x is an
integer satisfying certain divisibility hypotheses.We also offer some
open conjectures on these orders.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The Pascal matrix is an infinite matrix containing the binomial coefficients as its elements. Three
different matrices – lower triangular Ln, upper triangular Un and symmetric Sn – can hold Pascal’s
triangle a convenient way.
The lower triangular matrix Ln, is defined as
(L)ij =
⎛
⎝ i
j
⎞
⎠ with
⎛
⎝ i
j
⎞
⎠ = 0 if j > i,
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the upper triangular matrix Un, is defined as
(U)ij =
⎛
⎝ j
i
⎞
⎠ with
⎛
⎝ j
i
⎞
⎠ = 0 if i > j,
the symmetric matrix Sn, is defined as
(S)ij =
⎛
⎝ i + j
i
⎞
⎠ ,
where i, j = 0, . . . , n − 1. These matrices have some amazing properties. In particular, their deter-
minants are all equal to
(det Sn) = (det Ln) = (det Un) = 1
and
Sn = LnUn (see[1]).
For more information on these matrices, see [1,7,10].
Let x be any nonzero real number. The generalized Pascal matrix of the first kind Pn [x], is defined
as (see [3])
Pn (x; i, j) = xi−j
⎛
⎝ i
j
⎞
⎠ with
⎛
⎝ i
j
⎞
⎠ = 0 if j > i,
the generalized Pascal matrix of the second kind Qn [x], is defined as (see [11])
Qn (x; i, j) = xi+j
⎛
⎝ i
j
⎞
⎠ with
⎛
⎝ i
j
⎞
⎠ = 0 if j > i,
the symmetric generalized Pascal matrix Rn [x], is defined as (see [11])
Rn (x; i, j) = xi+j
⎛
⎝ i + j
j
⎞
⎠ ,
where i, j = 0, . . . , n. It is easy to see that
Pn−1 [1] = Qn−1 [1] = Ln and Rn−1 [1] = Sn.
Recently, the Pascal and generalized Pascal matrices and their properties have been studied by many
authors; see for example [2,4,5,8,9]. Lü andWang obtained the rules for the orders of the cyclic groups
generated by reducing the k−generalized Fibonacci matrix modulom [6].
For given a matrix A = (aij) with aij ’s being integers, A (mod m) means that every entry of A are
reduced modulo m, that is, A (mod m) = (aij (mod m)). Let 〈A〉pa =
{
Ai (mod pa)
∣∣∣ i ≥ 0
}
be the
cyclic group generated by A (mod pu) and let
∣∣∣〈A〉pa
∣∣∣ denote the order of 〈A〉pa . This paper discusses
themultiplicative orders of thematrices Ln, Un, Sn, Pn [x] , Qn [x] and Rn [x] modulomwhere x is an
integer satisfying certain divisibility hypotheses. In this paper, the usual notation p is used for a prime
number.
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2. Main results and proofs
Theorem 2.1. Let n(n ≥ 2) be a positive integer and let G be either of the matrices Un or Ln, and let m be
a positive integer. Then the multiplicative order of G mod m is m.
Proof. Let us consider the upper triangular matrix Un. We prove this by direct calculation. Let Un =
In + Tn where In is identity matrix of size n. Then the (i, j) entry of Tn will be
Ti,j = 0 if i ≥ j,
Ti,j =
⎛
⎝ j
i
⎞
⎠ if i < j.
It is easy to see by binomial theorem that
(Un)
m = (In)m + m (Tn) +
⎛
⎝m
2
⎞
⎠ (Tn)2 + · · · + (Tn)m .
On the order hand the (i, j) entry of (Tn)
m will be as follow:
Ifm < n, then Tij = 0 for i ≥ j and j = i + 1 and Tij = α.m for i + 2 ≤ j, where α ∈ N.
Ifm ≥ n, then Tij = 0.
So, we get m (Tn) +
⎛
⎝m
2
⎞
⎠ (Tn)2 + · · · + (Tn)m ≡ 0n (mod m) (where 0n is zero matrix of size n).
Thus, writing U fort the matrix Un, we obtain following:
The (i, j) entry of Um =
⎧⎨
⎩
0 if i > j,
1 if i = j
and
the (i, j) entry of Um ≡ 0 if i < j.
Then, we get |〈Un〉m| = m.
The proof for the lower triangular matrix Ln is similar to the proof and is omitted. 
Theorem 2.2. Let n(n ≥ 2) be a positive integer and let m be a positive integer. Then for themultiplicative
orders of Sn mod mwe have the following:
(i) If n = qα such that α is a positive integer and q is a prime number, then
∣∣∣〈Sn〉qu
∣∣∣ = 3 for u = 1, 2.
(ii)(a) If
∣∣∣〈Sn〉pv1
∣∣∣ =
∣∣∣〈Sn〉pv2
∣∣∣ for ∀v1, v2 ∈ [u1, u2] (where [u1, u2] = {x ∈ Z : u1 ≤ x ≤ u2}), then∣∣∣〈Sn〉pu2+n
∣∣∣ = pn
∣∣∣〈Sn〉pu2
∣∣∣.
(b) If
∣∣∣〈Sn〉pv1
∣∣∣ 	=
∣∣∣〈Sn〉pv2
∣∣∣ for ∀v1, v2 ∈ [u1, u2], then
∣∣∣〈Sn〉pu+n
∣∣∣ = pn
∣∣∣〈Sn〉pu
∣∣∣ for ∀u ∈ [u1, u2].
(iii) If m = ∏tk=1 pekk (t ≥ 1) where pk’s are distinct primes, then |〈Sn〉m|=lcm
[∣∣∣〈Sn〉pe11
∣∣∣ ,
∣∣∣〈Sn〉pe22
∣∣∣ ,
. . . ,
∣∣∣〈Sn〉pett
∣∣∣
]
.
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Proof. We prove the results by direct calculation. Let Sn be denoted by S.
(i) If n = qα such that α is a positive integer and q is a prime number, then
the (i, j) entry of S3 =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
q2ε1
⎛
⎝ i + j
i
⎞
⎠ if i < j,
q2ε2
⎛
⎝ i + j
i
⎞
⎠+1 if i = j,
q2ε3
⎛
⎝ i + j
i
⎞
⎠ if i > j,
where q2 	 |ε2
⎛
⎝ i + j
i
⎞
⎠ for i = j = 0 and ε1, ε2 and ε3 are positive integers. Then, we have
q2ε1
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod qu) for i < j and u = 1, 2,
q2ε2
⎛
⎝ i + j
i
⎞
⎠+1 ≡ 1 (mod qu) for i = j and u = 1, 2,
q2ε3
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod qu) for i > j and u = 1, 2.
So, we get
∣∣∣〈Sn〉qu
∣∣∣ = 3 for u = 1, 2.
(ii)
(a) Let
∣∣∣〈Sn〉pv1
∣∣∣ =
∣∣∣〈Sn〉pv2
∣∣∣ = a for ∀v1, v2 ∈ [u1, u2]. Then
the (i, j) entry of Sa =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
pu2ε∗1
⎛
⎝ i + j
i
⎞
⎠ if i < j,
pu2ε∗2
⎛
⎝ i + j
i
⎞
⎠+pu2 if i = j,
pu2ε∗3
⎛
⎝ i + j
i
⎞
⎠ if i > j,
where pu2 	 |ε∗2
⎛
⎝ i + j
i
⎞
⎠ for i = j = 0 and ε∗1 , ε∗2 and ε∗3 are positive integers. By the routine
multiplication it is easy to see that
the (i, j) entry of Sp
na =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
pn+u2ε◦1
⎛
⎝ i + j
i
⎞
⎠ if i < j,
pn+u2ε◦2
⎛
⎝ i + j
i
⎞
⎠+pn+u2 if i = j,
pn+u2ε◦3
⎛
⎝ i + j
i
⎞
⎠ if i > j,
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where pn+u2 	 |ε◦2
⎛
⎝ i + j
i
⎞
⎠ for i = j = 0 and ε◦1 , ε◦2 and ε◦3 are positive integers. Then, we have
pn+u2ε◦1
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod pn+u2) for i < j,
pn+u2ε◦2
⎛
⎝ i + j
i
⎞
⎠+pn+u2 ≡ 1 (mod pn+u2) for i = j,
pn+u2ε◦3
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod pn+u2) for i > j .
So, we get
∣∣∣〈Sn〉pu2+n
∣∣∣ = pn
∣∣∣〈Sn〉pu2
∣∣∣ = pn.a
(b) The proof is similar to the proof of ii’. and is omitted.
(iii) Let m = ∏tk=1 pekk (t ≥ 1) where pk ’s are distinct primes and lcm
[∣∣∣〈Sn〉pe11
∣∣∣ ,
∣∣∣〈Sn〉pe22
∣∣∣ , . . . ,∣∣∣〈Sn〉pett
∣∣∣
]
= λ. Then, we have
the (i, j) entry of Sλ =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
λε′1
⎛
⎝ i + j
i
⎞
⎠ if i < j,
λmε′2
⎛
⎝ i + j
i
⎞
⎠+m if i = j,
λε′3
⎛
⎝ i + j
i
⎞
⎠ if i > j,
where m 	 |λε′2
⎛
⎝ i + j
i
⎞
⎠ for i = j = 0 and ε′1, ε′2 and ε′3 are positive integers. Since
m| λε′1
⎛
⎝ i + j
i
⎞
⎠ , λmε′2
⎛
⎝ i + j
i
⎞
⎠ , λε′3
⎛
⎝ i + j
i
⎞
⎠, it is easy to see that
λε′1
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod m) for i < j,
λmε′2
⎛
⎝ i + j
i
⎞
⎠ ≡ 1 (mod m) for i = j,
λε′3
⎛
⎝ i + j
i
⎞
⎠ ≡ 0 (mod m) for i > j .
So, we get |〈Sn〉m| = lcm
[∣∣∣〈Sn〉pe11
∣∣∣ ,
∣∣∣〈Sn〉pe22
∣∣∣ , . . . ,
∣∣∣〈Sn〉pett
∣∣∣
]
. 
Sn mod p is an element of the finite general linear group GL (n, p). The lower triangular matrices
with 1 on the diagonal form a Sylow p-subgroup Q of order pk , where k = n(n−1)
2
. Since, for N a
nilpotent n × n matrix, Nn = 0, the binomial theorem implies that the order of each element of Q
divides pr , where r is the least integer greater than equal to logp (n). Each semi-simple element of
GL (n, p) is the direct sum of irreducible elements each of which has order dividing ps − 1 for some
positive integer s ≤ n. Since every element of GL (n, p) is conjugate to the product AB of an element A
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Table 1
The orders of the cyclic groups 〈S3〉p and 〈S6〉p .
p |〈S3〉p| |〈S6〉p| |〈S3〉p||p3 − pσ |〈S6〉p||p6 − pσ
7 6 12 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p4
11 10 12 |〈S3〉p||p3 − p |〈S6〉p||p6 − p4
13 7 78 |〈S3〉p||p3 − p |〈S6〉p||p6 − p5
17 16 34 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p5
67 33 902292 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − 1
97 98 912672 |〈S3〉p||p3 − p |〈S6〉p||p6 − p3
163 9 5022 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p
179 178 2867669 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p3
241 120 3513961 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p2
733 367 268644 |〈S3〉p||p3 − p |〈S6〉p||p6 − p4
1033 1034 1102302938 |〈S3〉p||p3 − p |〈S6〉p||p6 − 1
3163 1581 5274075291 |〈S3〉p||p3 − p2 |〈S6〉p||p6 − p3
of Q and a semi-simple element B which commutes with A, so that the order of AB is the product of
the orders of A and B, it follows that the order of AB divides pr lcm
{(
ps(i) − 1
)
: s (i) are the degrees
of the irreducible components of B
}
. We now conjecture a more restrictive bound on the order of
Sn (mod p).
Conjecture 2.1. If p ≥ n, then there exists at least an integer σ with 0 ≤ σ ≤ n − 1 such that
∣∣∣〈Sn〉p
∣∣∣
divides (pn − pσ ).
Table 1 lists some primes for which the conjecture is true when n = 6 and n = 3.
Theorem 2.3. Let n(n ≥ 2) be a positive integer and let m be a positive integer, and let x = ∏k=1 qekk
( ≥ 1) where qk’s are distinct primes. Then for the multiplicative orders of Pn [x] mod m for x ≥ 2 we
have the following:
(i)
∣∣∣〈Pn [x]〉qeuu
∣∣∣ = 1 for u ∈ [1, ].
(ii) If w is a positive integer such that w > e1, . . . , e, then
∣∣∣〈Pn [x]〉qwu
∣∣∣ = qw−euu for u ∈ [1, ].
(iii) If θ is a positive integer and p 	= q1, . . . , ql, then
∣∣∣〈Pn [x]〉pθ
∣∣∣ = pθ .
(iv) If m = ∏tk=1 pekk (t ≥ 1) where pk’s are distinct primes, then |〈Pn [x]〉m| = lcm
[∣∣∣〈Pn [x]〉pe11
∣∣∣ ,∣∣∣〈Pn [x]〉pe11
∣∣∣ , . . . ,
∣∣∣〈Pn [x]〉pett
∣∣∣
]
.
Proof. We prove the results by direct calculation.
(i) Since qeuu
∣∣ x for u ∈ [1, ], we have
Pn (x; i, j) = 0 for i < j,
Pn (x; i, j) = 1 for i = j,
Pn (x; i, j) = xi−j
⎛
⎝ i
j
⎞
⎠ ≡ 0 (mod qeuu
)
for i > j.
So, we get
∣∣∣〈Pn [x]〉qeuu
∣∣∣ = 1 for u ∈ [1, ].
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(ii) If u and w are positive integers such that w > e1, . . . , e, and u ∈ [1, ], then
Pn (x; i, j)qw−euu = 0 for i < j,
Pn (x; i, j)qw−euu = 1 for i = j,
Pn (x; i, j)qw−euu = qw−euu η1xi−j
⎛
⎝ i
j
⎞
⎠ ≡ 0
(
mod q
w
u
)
for i > j,
where η1 is a positive integer. So, we get
∣∣∣〈Pn [x]〉qwu
∣∣∣ = qw−euu .
(iii) If θ is a positive integer and p 	= q1, . . . , ql , then
Pn (x; i, j)pθ = 0 for i < j,
Pn (x; i, j)pθ = 1 for i = j,
Pn (x; i, j)pθ = pθη2xi−j
⎛
⎝ i
j
⎞
⎠ ≡ 0
(
mod pθ
)
for i > j,
where η2 is a positive integer. So, we get
∣∣∣〈Pn [x]〉pθ
∣∣∣ = pθ .
(iv) The proof is similar to the proof of Theorem 2.2(iii) and is omitted. 
Theorem 2.4. Let n(n ≥ 2) be a positive integer and let G be either of the matrices Qn [x] or Rn [x], and
let m be a positive integer. Then the multiplicative order of G mod m for x ≥ 2 are as follows:
(i) Let (p, x) = 1.
(i’) If
∣∣∣〈G〉pv1
∣∣∣ =
∣∣∣〈G〉pv2
∣∣∣ for ∀v1, v2 ∈ [u1, u2], then
∣∣∣〈G〉pu2+n
∣∣∣ = pn
∣∣∣〈G〉pu2
∣∣∣.
(i”) If
∣∣∣〈G〉pv1
∣∣∣ 	=
∣∣∣〈G〉pv2
∣∣∣ for ∀v1, v2 ∈ [u1, u2], then
∣∣∣〈G〉pu+n
∣∣∣ =
pn
∣∣∣〈G〉pu
∣∣∣ for ∀u ∈ [u1, u2].
(ii) If (m, x) = 1 and m = ∏tk=1 pekk (t ≥ 1) where pk’s are distinct primes, then |〈G〉m| =
lcm
[∣∣∣〈G〉
p
e1
k
∣∣∣ ,
∣∣∣〈G〉
p
e2
k
∣∣∣ , . . . ,
∣∣∣〈G〉petk
∣∣∣
]
.
Proof. The proofs of (i) and (ii) are similar to the proofs of Theorem 2.2(ii) and Theorem 2.2(iii) re-
spectively and are omitted. 
Conjecture 2.2. If (p, x) = 1 and
∣∣∣〈Qn [x]〉p
∣∣∣ < p, then
∣∣∣〈Qn [x]〉p
∣∣∣ divides (p − 1).
Table 2
The orders of the cyclic groups 〈Q2[6]〉p and 〈Q4[6]〉p .
p 〈Q2[6]〉p |〈Q4[6]〉p| |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
11 5 5 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
37 2 2 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
167 83 83 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
733 366 366 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
937 13 13 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
1709 427 427 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
3163 1581 1581 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
4177 348 348 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
28751 14375 14375 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
77863 2049 2049 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
457903 228951 228951 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
999983 499991 499991 |〈Q2[6]〉p||p − 1 |〈Q4[6]〉p||p − 1
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Table 3
The orders of the cyclic groups 〈R2[6]〉p and 〈R4[6]〉p .
p |〈R2[6]〉p| |〈R4[6]〉p| |〈R2[6]〉p||p4 − pσ |〈R4[6]〉p||p6 − pσ
7 6 16 |〈R2[6]〉p||p4 − p3 |〈R4[6]〉p||p6 − p
11 40 3221 |〈R2[6]〉p||p4 − p2 |〈R4[6]〉p||p6 − p
13 168 15372 |〈R2[6]〉p||p4 − p2 |〈R4[6]〉p||p6 − 1
19 180 360 |〈R2[6]〉p||p4 − p2 |〈R4[6]〉p||p6 − p4
29 6097 840 |〈R2[6]〉p||p4 − p |〈R4[6]〉p||p6 − p4
37 36 374832 |〈R2[6]〉p||p4 − p3 |〈R4[6]〉p||p6 − p2
41 34460 120610 |〈R2[6]〉p||p4 − p |〈R4[6]〉p||p6 − 1
97 152112 8656593 |〈R2[6]〉p||p4 − p |〈R4[6]〉p||p6 − p
179 178 344120280 |〈R2[6]〉p||p4 − p3 |〈R4[6]〉p||p6 − 1
317 316 4550716 |〈R2[6]〉p||p4 − p3 |〈R4[6]〉p||p6 − p3
907 453 677497518936 |〈R2[6]〉p||p4 − p3 |〈R4[6]〉p||p6 − 1
1277 520610233 3395896820230151 |〈R2[6]〉p||p4 − p |〈R4[6]〉p||p6 − p
Conjecture 2.3. If (p, x) = 1 and
∣∣∣〈Qn1 [x]
〉
p
∣∣∣ ,
∣∣∣〈Qn2 [x]
〉
p
∣∣∣ < p, then
∣∣∣〈Qn1 [x]
〉
p
∣∣∣ =
∣∣∣〈Qn2 [x]
〉
p
∣∣∣.
Table 2 lists some primes for which Conjectures 2.2 and 2.3. are true n = 2, 4 and x = 6.
Conjecture 2.4. If (p, x) = 1 and p ≥ n+ 1, then there exists at least an integer σ with 0 ≤ σ ≤ n+ 1
such that
∣∣∣〈Rn [x]〉p
∣∣∣ divides
(
pn+2 − pσ
)
.
Table 3 lists some primes for which the conjecture is true n = 2, 4 and x = 6.
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